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Abstract
We compute the Casimir energy for a free scalar field on the spaces
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The explanation of the Casimir effect lies in the fact, that quantum fields respond
to the presence of external constraints. Meaningful constraints can be defined, for
example, in terms of the boundary conditions which fix these fields. In a number of
works, the Casimir energy has been calculated in d-dimensional spaces for free scalar,
spinor and vector fields at a zero and non-zero temperature with the Dirichlet, von
Neumann and Robin boundary conditions and the periodicity condition (compacti-
fication R1 to S1) [1]-[6]. ( For review of several applications of the Casimir energy
see ref. [7]).
The calculation of the one-loop effective potential ( which is closely related to
the Casimir energy) in product spaces Rn × Y where Y is a compact manifold was
motivated by the Kaluza-Klein models and involves some mathematical problems
related to regularization of the functional determinants , det∆ with the eigenvalues
of a second-order differential operator ∆ [8]. The scalar functional determinants
have been also determined in terms of ζ functions on sectors of the two-dimensional
disk and spherical cap [9]. Recently, there has been some interest in investigating
spaces with conical singularities. Physical applications for such spaces range from
quantum cosmology [10] and cosmic strings [11] to finite temperature field theory
[12]. Some mathematical aspects were examined in the papers [13]. Typically, two
alternative cases are considered. In the first case, the conical singularities come
from factorization of a sphere Sd with respect to a finite group Γ, which acts on Sd
with fixed points. On this way, only discrete series of conical singularities can be
studied. In the second case, a standard two-dimensional cone with varying angle
deficit is introduced. However, in this approach curvature can be considered only as
perturbation of the flat case. We propose to consider a two-dimensional sphere with
two conical singularities with an arbitrary angle parameter. This can be treated as
an imitation of the effects [12] for essentially curved space without exact relevance
to any particular physics. In this sence our aim is two-fold. First, we study technical
aspects of the problem and second, we explore qualitative behaviour of the effective
potential which appears to be quite different from the non-singular case.
In this letter we compute the vacuum energy for free scalar fields with a back-
ground geometry of Rm+1 × S˜2 where Rm+1, is the m+ 1-dimensional Euclidean
space, S˜2 is the two-dimensional compact manifold constructed from two-sphere S2
by the deformation of its metric. We find the exact eigenvalues of the Laplace op-
erator and compute the vacuum energy as a function of the deformation parameter
by making use of the zeta-function technique. In odd-dimensional spaces R1 × S˜2
and R3 × S˜2 , we obtain the finite vacuum energy, which changes its sign with
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some value of the deformation parameter. In even dimensional spaces R2 × S˜2 and
R4 × S˜2 the vacuum energy contains a divergent part and has the following form
E =
1
ǫ
f0(m, ρ) + f1(m, ρ) + f0 log(rµ) (1)
where r is the radius of S˜2 and µ is an arbitrary scale parameter introduced with
zeta regularization. We compute the functions f0 and f1 with some range of the
deformation parameter ρ. It is interesting to note that in R4 × S˜2 the divergent
part in (1) dissappears with ρ ≃ 0.415 yielding the finite value E ≃ 1.47 10−5.
(Here and throughout the paper we set r = 1 ). We compare our results with those
obtained in flat spaces for a scalar field satisfying in two dimensions to the Dirichlet,
von Neumann and periodic boundary conditions.
Let us begin with the scalar Laplacian eigenvalues on a deformed sphere S˜2 .
The metric on S˜2 can be expressed in the form
ds2 = dx20 + sin
2x0 ρ
−2dψ2, 0 ≤ ψ ≤ 2π
where ρ is a positive constant parameter. This space can be also obtained by iden-
tification of points with polar angles α and α+2π/ρ on round S2 with a maximally
symmetric metric. The S˜2 has two singular points x0 = 0 and x0 = π. Let us
perform the Fourier decomposition with respect to the coordinate ψ.
φ(x0, xi) =
∞∑
l=−∞
f(l)(x0) exp(ilψ) (2)
Substituting the decomposition (2) in the eigenvalue equation
∆φ = −λφ
we obtain the following ordinary differential equation
[∂20 + ctgx0∂0 −
ρ2l2
sin2 x0
]f(l) = −λf(l). (3)
Equations of this type were considered in our previous papers [14]. We shall drop the
subscripts (l) for a while. Let us change the independent and dependent variables
f = h sin|l|ρ(x0), z =
1
2
(cosx0 + 1).
The |l| denotes absolute value of l. The equation (3) then takes the form
z(z − 1)h′′ + 2(ρ|l|+ 1)(z −
1
2
)h′ + (ρ|l|(ρ|l|+ 1)− λ)h = 0. (4)
Prime denotes differentiation with respect to z. According to the general prescrip-
tion [16] let us express h as the power series
h(z) =
∑
k=0
αkz
k. (5)
Substitution of (5) in (4) gives a recurrent condition on the coefficients αk
αk+1 = αk
k(k − 1) + 2(ρ|l|+ 1)k + ρ|l|(ρ|l|+ 1)− λ
(k + 1)(k + ρ|l|+ 1)
. (6)
The denominator of (6) is positive for all k. The eigenfunctions hk can be found by
imposing the condition on the numerator of (6) to be equal to zero. We obtain the
eigenvalues
λl,k = (k + ρ|l|+
1
2
)2 −
1
4
(7)
where we restored the dependence on the index l. ( Eq. 7 has been also considerd
in Ref. [15]).
In the case of the unit round sphere S2 with ρ = 1 we obtain from (7)
λ(l)k = −(k + |l|)(k + |l|+ d) = −n(n + d), n = k + |l|
Thus equation (6) reproduces the correct eigenvalues of the scalar Laplace operator
on the unit round S2. One can also verify that the degeneracies have the correct
values.
With zeta regularization the Cazimir energy density for a scalar field on Rm+1×
S˜2 can be written as
E = lim
s→−1
Γ((s−m)/2)µ2ǫ
2(4π)m/2 Γ(s/2)
(
2
∞∑
l=1
∞∑
k=0
λ
−s/2
l,k +
∞∑
k=0
λ
−s/2
0,k
)
(8)
where ǫ = (1 + s)/2. Making use of the Hermite formula [16]
ζ(z, q) =
q−z
2
+
q1−z
z − 1
+ 2
∫ ∞
0
dx sin(z arctan(x/q))
(q2 + x2)−z/2
e2πx − 1
and taking the expansion
∞∑
n=0
(n+ q)l((n+ q)2+M)
m+s
2 =
∞∑
k=0
(−1)kΓ(k − (m+ s)/2)
Γ(−(m+ s)/2)k!
ζ(2k− l−m−s, q)Mk
we rewrite (8) as
E = lim
s→−1
∞∑
r=0
Γ(r + (s−m)/2)µ2ǫ
2(4π)m/2Γ(s/2)4rr!
(
P (s−m+ 2r, ρ) + F (s−m+ 2r, ρ)
)
(9)
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where
P (z, ρ) = ρ−zζ(z, 1 + 1/(2ρ)) +
2
z − 1
ρ1−zζ(z − 1, 1 + 1/(2ρ)) + ζ(z, 3/2),
F (z, ρ) = 2
∞∑
p=0
(−1)p+1cp(z)
∞∑
n=0
Γ(n+ z/2)
Γ(z/2)n!
ρ−2p−2n−z−1
× ζ(2p+ 2n+ z + 1, 1 + 1/(2ρ))ζ(−2p− 2n− 1). (10)
The coefficients cp are determined from
sin(z arctan(x)) =
∞∑
p=0
cp(z) x
2p+1
The expression (9) involves the divergent terms coming from the poles of Γ(z) at
z = −k (k = 0, 1, 2...)
Γ(−k + ǫ) =
(−1)k
k!
(
1
ǫ
+ ψ(k + 1) +O(ǫ)) (11)
and the pole of ζ(z, q) at z = 1
ζ(1 + 2ǫ, q) =
1
2 ǫ
− ψ(q) +O(ǫ). (12)
However, in odd dimensions the divergent term 1/(z−1) at z = 1 cancels the pole
of zeta function yielding the finite Casimir energy. We find, omitting the details,
from (9)-(12) the following numerical values for the Casimir energy Em.
ρ = 0.4 ρ = 0.8 ρ = 1 ρ = 2
E0 0.07385 − 0.09987 − 0.13246 − 0.1990,
E2 16.1 10
−4 − 1.53 10−4 − 4.78 10−4 − 11.4 10−4. (13)
In even dimensions, for Em given in the form (1) we compute both f0(m, ρ) and
f1(m, ρ).
For m = 1
ρ = 0.4 ρ = 0.8 ρ = 1 ρ = 2
f0(1, ρ) − 0.00144 − 0.00216 − 0.00265 − 0.0063,
f1(1, ρ) − 0.0023 − 0.0097 − 0.0117 − 0.0179. (14)
For m = 3
f0(3, ρ) 1.2 10
−6 − 2.56 10−5 − 4.02 10−5 − 21.8 10−5,
5
f1(3, ρ) 2.81 10
−5 −6.18 10−5 −9.15 10−5 −18.1 10−5. (15)
Now some notes are in order. To extract the effect of deformation we should
redefine r such that the volume on S˜2 is the same as that of S2 with a unit radius.
In this case, we have to consider the quantity E¯m = E/ρ
m+1. It is easy to see from
(13) that E¯0 and E¯2 take the minimal values at ρ = 1. Thus, sphere S
2 tends to
keep its shape at least for the slight deformation. A detailed study shows that this
is the only minimum of E¯m . The asymptotic behaviours of E¯m (m = 0, 2)are
E¯m ∼ ρ
−m−2, ρ→ 0,
E¯m ∼ −ρ
−m−1 log ρ ρ→ ∞.
Indeed, the singularity at ρ = 0 gives rise to the repulsive force, tending to expand
S˜2. Since E¯1 and E¯3 have the divergences and depend on an arbitrary scale µ ,
some renomalization procedure should be used to obtain the finite result. However,
one can see from (15) that f0(3, ρ) becomes equal to zero with the certain value of
ρ = ρ0 in the region 0.4 < ρ < 0.6 and the divergent part is removed from E3.
This reflects the fact that the conformal anomaly in R4 × S˜2 is canceled with the
deformation parameter ρ0 .
Finally, we compare the results in (13) with those obtained for a scalar massless
field in general three- and five-dimensional hyper-cuboidal regions with two sides
of finite length a1 , a2 and one and three sides with length L ≫ a1 , a2 respectively.
In the case of periodic boundary conditions the vacuum energy as a function of
a2/a1 has the minimal value when a2 = a1 and is always negative. The energy
obtained with von Neumann boundary conditions [2] also exhibits this behaviour.
With Dirichlet boundary conditions the energy takes the positive maximal values at
a2/a1 = 1 for both three- and five-dimensional spaces and tends to negative infinity
when a2/a1 ≫ 1 [2]. Thus, we can see that in all these models the behaviour of the
vacuum energy is quite different from that of the energy in R1 × S˜2 and R3 × S˜2
spaces.
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